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U3S OF STATE P U E  COoRoINBTE8 IN ROUTE SUiiVIEING 

The rpaterial i n  this  paper was prepared by b. Hugh C.  
Mitchell J Principal  Mathematician ( re t i red)  Ud. Coast and 
Geodetic Survey, a8 an Introduction to the a b j e c t  o f  route 

uslng the State plane coordinates i n  t U a  tppe of surveying 
not only a m  advantage be taken of the horizontal Cant291 net- 
work o f  the m u t r y  - w i t h  its inherent s tabi l i ty  but also can 
the aalculations be camled out by the rormulaa o r  plene tri- 
gonometry. The subject is diacuased in a general my and several 
ezmplte of typical  problem a r e  given. 

SWY8giBg making U90 Of t he  S t a t 8  aOordiMte  aYSt-8. BY 

Comparatively l i t t l e  use bas been made of traverse i n  the 
solution o r  route auroty problems, but with the Increasing availa- 
b l l l t p  o r  coordlnatee on State-wide grids, snd the advantages 
U c h  the uae of such coordinatea bring to land and engineering 
8urvey8, it seem Fobable  that such use w i l l  deve1og.a tuture 
importance, much greater than caa now be predicted. The f i e l d  
l o  there and the opportunity also, as the tool8J S t a t e  coordl- 
natea, are becombg alsoat dal ly  mor8 generally available, 

The use of plsne-rectangular coordinatea, be they on a l o c a l  
grid o r  on a State-wide syetam, l a  accomplished by traverse 
s u r p e y l q ,  though there are e l t u a t l o n a  where triangulation mag 
be e q l o y e d  t o  considerable advantage. n e e e  are matters t o r  
the surveyor t o  determine, The preeeat purpose of this s t u d y  
i a  to show how the coordlnatea of eought-for poiate on a route 
eurvey may be obtained rmm coordinate data w h i c h  deacrlbe the 
tlxed conditions con t ro l l i ng  tbe  problem. 

Thl8 purpose will be aeroed by Breeentlng a eerie6 o f  
problems, not necessarily typical o f  thoee the route,eurvey may 
bring out, but basic thereto, whose solut lon w i l l  ehow tbe-my 
t o  the 8OlUtion of epec l f lc  problems. 

Route surveys hcludb surveys  r o r  locating or relocating 
rai3road8, hi@m78, pip8 l inea, tr8IImi8sfOII lfne8J S t C o  T h s  
e a p l o m n t  o f  State  coordinates on such aumega, gives t h e m  the 
qualities e l f  accuracy axid umnanen 

The aubeti.tutlon or ofrice computations for mme f l e l d  maroeye 
l e  also a great convenience. Ia route auroepe, the use o f  the 
random l i n e  is largely elUlnated by the UBO o f  coordinates, 
t&ough there will be cases where the  raneom line i s  ueed aa a 
base line r r a m  which side shots determine desired location8 on 
the route, and at the m e  tioe, obstacles along tbe  route are 
avo ided. 

and by maklng conslCera5le 
f i e l d  work u ~ e c e a a a r y  nrap 4 e pro uetlve of conrldccabLe cconomz. 
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If a 'road La to be relocated fn part, c u r 9 e s  ellmlndted 
or reduced, the use of coordinates makes it eaay to tran8fer 
plane made i n  the of f ice  to poeltlorre on the-gmund. If a 
new road l a  to be run direct between p o i n t 8  on other roads, 
and the  coordinates of those poiats  are  h o r n ,  a & r e e f  line 
can be computed an& If no obstacles lnteroene, run  o u t  on t h e  
ground witbout the use o r  a randon line. If obetvcles ioter-  
vene, but a d b e c t  line is t o  be located, a traverse l e  m, 
coordinates o f  tdoerae stations determined, f r o m  whlch co- 
ord inates  of points on t h e  l i n e  can be establlehed or. t&u 
pound. This l a  a very f lexible  procedure. 

o f  t h e  center of a circular curve 
coordinates of the P.C. ,  the rstilus o r  tbs curve an5 the azi -  
muth of the tangent. 
aad oarloue azlnutha, other points on t h e  curve are eeterminsa. 
These art easily transferred t4 the ground. 

Ii it is deeired t o  eatablloh 10P=toot e t a t f o n a  along a 
curtre, the coordinates of the s t a t i o n e  are computed rrom 1218 
center, w i t h  t b  given ratifus ancl the azimuth t o  the polnts 
o b t a i a d  with central ang1980 The central angle will be bui l t  
Ua fion tbe azimuth t o  tke P.C.; acoount 1s taken of wkether 

. I n  a road eurptg, *err a curve l a  reached, the coordinates 
be aonputed fioa the 

From the center, wish the known radfua 

&C 02' Chord f 8  Used. 

P traverse along t?ze route of the curve may provide the 
elmolest sethod o f  locating the curve on the ground. With a 
traverse, obetaclsa m y  be dodged and points set between the 
obstacles. A clear Line of e i g h t  aloag the curve w l l l  n e t  be 
necessary. TNs l a  an adoantage in a prel iminary euroey. It 
the t o t a l  curve l a  to be compose6 of  a s e r l e e  o f  sfmple a w v e s  
of d i f f e r e n t  radi l ,  the  procedure wlll be ahut a8 follawe: 
When the PC i a  reached, the first curve is established by 
determining its  center ,  and point8 along the curve a s  noted 
elsewhere. n u n  the PCC l a  reached, the center of tfie secor.d 
o w e  i a  cowUte&# using the coordinates of the PCC, the new 
r8au8J and the azimuth of the radius of the ikst  curve t o  
thle PCC. Puinte on the aecond curve art then computed f Z ~ n  , 

i t 8  center, and 80 013, through a aeries of any umber o f  C W e 8 J  
u n t i l  the PT i a  reached. 

fn t h e  following pages, BO- emmplas o r  a p e c i f l c  F c o d u r e  
w i l l  be descrlbed. 

A etrslght l i n e  on a g r i d  l e  def ined bg ( a )  tlx coordinates 
o f  I t 8  end polnta, or by (b) the coordinates of one end point  
and it8 length and azbuth. 



( a )  If the coordinates o f  l t e  end points are ‘known, I t a  
length and azimuth are  obtaiaed by computation. 
.o.dinatzs of t h e  ends o f  the line A3 are, f o r  A, xl, yl, and 

If the co- 

r o r  a, x2, 92, it8 length is 

and I t a  azlinuth l a  obtained 5y tbe formula 

tangent of azimuth 

length = )/( Ax)’ + ( A J ~ ) ~  

- Ax t angent  of azimuth - - 
LY ’ 

Be szlau”rh8 are reckoned from south clocknlae t h rough  3600, 
a t t e n t i o n  must be given the signa of Ax and of by. 

The i o l l o w k ~ g  table is useful: 

Quadran’; Azlsuth e lne  coeine tangent Ax by 

03 - .goo + 

9.2. 2700 - 3600(0= 00) - + - +  

( b )  If . the coozdinatee of A ( x 1 ,  31) a r e  known, and the 
length i o f  AB and its azimuth, Az, the aoo=CL.,?stea of B a r e  
obtained by aubtractlng the values 02 Ax ( =  L e in  Az) and 
47 ( =  L coe Az) iron x and The e a t r a c t l o n  i a  algebraic,  
due regard belnn bad dr signa. 
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Conaidering Ax and A y  aa numerical q u a n t i t i e s  oaly, the  
rollowing r u l e s  show tbeir application to q , y 1  t o  obtain 
q J 2 :  

fn 9.Y. quadrant, subtract blt and by,  
I n  NOW. quadrant, subtract Ax and add by,  
I n  N.E. quadrant, add Ax and b y ,  
In $,E, quadrant, add b r  and subtract by, 

Man7 problems i n  route surveying concern aurvea, and the 
poeitionlng of c ~ v t a  w i t h  respect to tangente, 
it i s  of ten  auiz lc len t  to know only a point on the  tangent 
and the azimuth o r  t h e  tangent, 
with a tangent o r  tangents, and determines a curve to tit 
preecrlbec condltiona. Var ious problens tdll be conaidered, 
These are  intended t o  show the meChod of computation, .rather 
than to ~ e r w  aa examples of route layouta, 

In  t h i e  work, 

The problem 006s o f t e n  starts 

The c i r c l e  i e  the einpleat curve employe& in route ~ u r v e y ~ .  
A c i r c l e  mag be deflned by the coordlnatee of i t 6  center  an8 
the l ength  o r  I t s  radius. An arc of a circle may be defined 
by the coodinates  o f  its center and the coordinates o f  ita 
end points;  also by the coordinates of i t s  center,  tke l e n g t h  
o f  i t s  radfua and the atImUth8 of I t a  l i m i t i n g  radii, Given 
the coordinatee of the center of the ct-cle anC the length o f  
I t a  rwilu8, pointa on i t a  circumference may be computed f o r  
each of a series of radkl  azimuths by applying the Ax en& b y  
ror each of the azimtbe t o  t h e  coordinates of the center. 

WhUe each of the rollowing exaayles La a canylete problem, 
they a r e  arranged In order o f  increasing comglexlty, and should 
be studied in. tbat order ,  As a general rule, U! the  problem 
admit a of  graphical solution, t h e  .computation of coordlnat ea 
may folloW the plan of t he  grapucal solution, 

Problem I, 
Given the coordinatee.of a point A, the azimuth o r  a tangsrrt 

and the radius R o f  a cirole tangent at A: To define the 
c i r c l e  w.8 determine pointe on it. Tm, such circles  may be 
cOn8 tNCted, but only one lV2u be IUuatTaZ ed, 

Construction: Draw A0 = R, perpendicular t o  M at A, 0 
is the center of the rsquired circle .  With the radlus  R and 
center 0, the c i r c l e  map.be dz~wn, .Any poin t ,  such ae 3, on 
the c i r c l e  m y  be defZred by the angle 8 which the raalue to  
tbe point makes with the radlue ,AO. 
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Camoutation': Comnute the azlmutk of A 4  by aCding the 
angle at A, 270° reckohed in a clockwise direction, between a 
and 0, t o  tke azimutrh of A-E. With t h l e  azlmutk anti Zhe length 
R, compute the Ax and A J  of' 0 re lat ive  to A, and Spplp these 
to tke coordinates o f  A. Thls gfves the coorblnatee of 0. For 
any point on the c i r c l e ,  such aa P defined by the an31e 0 ,  f-st 
compte the azimuth of &A by adding or subtracting 180° to the 
azimuth A-0. To this azlmtb add the angle 8 .  Thla gives  the 
szimutb of 0-P; coordinates o r  P are then computed iron the  
coordinates of 0. 

Problem I L  

deternine anC Oeflne a c i rc l e  passing through these three points.  

p o l n t ~ e p e F y e n d l c u l a r  t o  BC at  i t a  centpz p o i n t  3. 
p o i n t  o f  intereectibn 0, is  the center of the required cl=cle. 
Linea t o  A, a, and C are equal and are radii  of the circle .  

Commutation: Uefng coordinatea, compute the atlau%&e a i  
J L B  and B-C, and the coordinates o r  the center polate, l4 and I). 
Compute tbe  azimuth of M-0 and P-0, whicl! art perpendicular t o  
AB and BC. Using coordinates, compute the length and azimuth 
o f  W .  In the t r f a n q l e  OW, the elde M? l a  houn, and also tke  
azimuths o r  tke three 0ide0¶ snC therefore the three angles of 
the  triangle.  

With 
ttzeae a i d e s  and tbelr azimuths, compute the ooordlnatea of  0 
ifom M and p,  obtaining two s e t 8  of value8 which must oheek. 
Using the coordimtea of 0 and of A, c o e u t e  the length  o f  the 
%diu8 OA. Ident ica l  values r b u l d  be obtained t o r  OB and OC. 

Given the coordinates of the points A, E, ane C: To 

Construction: Draw XO perpendicular t o  AB at i t a .  center 
Tke 

-Solve the triangle f o r  t h e  ol;ker afdea,  OM and OS. 
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A 

The c i r c l e  can be deflned by the coordinates of 0 and o r  
a po in t  on the circle;  by coordinates of 0 and radius R; an& 
by the coordinates of A, 8, and C. 
PxblerP 111. 

Given the coordinates of the oenters and the lengths of 
radii of tuo c l n l e e :  
circles.  

To detersine a tangent common t o  the 

C 



Constmation:  0' and R' define one circle,  On and Rm 
the o tbe r ,  Draw 010 through 0' t o  D on second clrcle,  With 
0' a8 center and radlus equal to EZ' m Ra drau arc MN, o u t t i n e  
c i r c l e  honetructed on OIOa a8 a dlaaeter, at  point  P, 
PO% The required tangent w i l l  be equal t o  POn and p a r a l l e l  
t o  It, 
be on 'the radius parallel  t o  0%. 

are right anglee by conetructlon, and tbe aldea EP and Con art 
equal t o  tbe radlue Rm, 
c i r c l e  a t  point  E, and t o  the second circle a t  point C. 

Conmutation; I n  the t r i a n g l e  POnOo': the angle a t  P l e  8 
r i g h t  angle, %he aide OIP l a  equal t o  R1 - Rn, and the l e n g t h  
an& azlmuth of  the slde O'OY are computed from the coordlnstce 
of 0' and 0% The triangle l a  solveC ror the re-inlng anglsa 
and t he  aide  POu. 

Draw 

The point E w i l l  be on the radlue through F, and C Will 

The figure ECOQ is a rectangle. The angles at On ant? ? 

The l l n e  EC l e  t angent  t o  t h e  iirst 

The azlmuth of Of-E 18 obtalned with the atfmuth o f  0 ' 4 '  
and the  ang le  OaO1E.  Y l t h  these data, the coordinates o r  E 
are computed from tbe coordinaZes of 0'. The a z l n u t h  02 ON-C 
f a  t k e  same as f o r  0'4, and 0 ° C  equals R a .  WlZh theae data, 
the coordinates o r  C are obta ined  from t h e  coordinate6 of On. 
The coofilnstes of C c8n alec be obta ined  from E w i t h  the-length 
o f  EC = POW, and the aziauth of E-C, which is t h e  same a a  t h e  
az iwr th  o f  P-Oa8 at right angles t o  O I L  

Problem IV. 
Given the coordlnatea of point8 A and C and azimuthe o r  

t angen t s  M and CD: 
tangent at  A and C t o  the l i n e a  AB and CD and tangent to each 
o the r .  

To deterrPIae and def ine  two circular a r c 8  

To ob ta in  a a p e c l f l c  solution, t h e  radlue of one circle  
must be known.' The value o r  R' , r o r  a c i r c l e  tangens t o  AB at - 
A 10 aaaumed, . 

uonstructlon: P l o t  O I ,  the center of  known c l r c l e ,  by 
l a y i n g  off 80' equal t6 Rt and a t  rlght angles t o  AB at A. Plat 
M, by l ay lng  o f f  CX -equal tc 3' and pevendlcular t o  CD at C. ' 

Connect M ,sad 0'. Construct angle X0"I equal t o  ang le  CMOI and 
lay or f  O'T equal t o  RI. Then OmX = OnOt  and OmT w i l l  e p l  
a', the radlue o r  the required circle, 0°C. 

0: as cecter and radlue OfiC = OnT, construct arc TC, ATC I s  
t5e .=,equired curve. 

. .  

. With 3' as rsdfue ar.d center a t  0' cone tn rc t  arc AT; w i t h  _ .  



Cowutation: From coordiaatea o r  A with raelua 3' arid 
azlmuth goo rrom azimuth of A-3, compute coordinates of O', 

From ooordlnatee of C, w i t h  IZ' and azimuth goo fTom azimuth 
of C-0, c o q u t e  coordinate8 of M, 

From coordfjlates of 0' and of M, compute l e n g t h  and azfwrth 
o f  O'N, 

Obtain angle CMO' from aZlniUth8. U e  angle W T  e q u a l  
to. angle CWL 

Solve triangle O n 0 %  r o r  side OaX = OmOl, 

Compute coordinates of O a  irom 0' and, r o r  check, f r o m  I!. 
Compute coordinates of T f r o m  0' with radlue 3' and azimuth 

o f  010% 
and a z l 3 u t G  OIOa, 

Check coordinates of T by computation from 0' with R9 

0' l e .  c e c t e r  o f  arc AT, 

On is center of arc TC. 

Coordinates o f  point8 on these arcs can be computed from 
their centers with approgrlate raCii (E' or Ra) and selected 
aziauths. 
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There are many v a r i a t i o n s  of t h l e  problem, depending 
upon tke relative positions of the polnte A and C, the athutha 
or the tangente, and the value adopted ror R L  d r a w  examplea 
a r e  ehown i n  the tollowing figures. Theae am lettered t o  
conform t o  t h e  one demonstrated. 

M 
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A 

Given the ccordfnates of A and C, an& azlmuths of JM and 
CD: To deternine two  circles connecting these tangeata. 

To obtain a epeclfic eolutlon, one radius m e t  be horn. 
.4eaume 3' as known. This fixes the solution,  a8 follows: In 
the tr iangle  COWO', we h a r e  the s i d e  O'C, whose length and azi-  
muth are computed rrom coordinates of 0' and C. We also h t v e  
*&e L O I C O N ,  the d i f f erence  of the azlmuthe of  CO' and Cog 
(perpendicular to CD). TZe s ide  O w O '  is the 8um (3" + R1), 3' 
horn ,  RN sougkt, 

Then 

Although thle dlseusa lon  has been quite l l m l t e d  in scape 
and has barely scratched the eurface in the way of problame to 
be soloed, it l a  hoped that the engineer may see the advantages 
whicb map obtain f r o s  making uae of the State plane coordinate 
eyatema in his route e*woeyIng. 


